Math 261-00
2-27-2004

Review Sheet for Test 2

These problems are provided to help you study. The presence of a problem on this handout does not
imply that there will be a similar problem on the test. And the absence of a topic does not imply that it
won’t appear on the test.

1 2
1. Find the unit tangent and unit normal for the curve y = gx?’ + 22431+ 3 at the point (1,5).

2. For the curve )
ﬂﬂ__<§ﬁ—%Lt?+L2t+5>,

find the unit tangent, the unit normal, the binormal, and the osculating circle at ¢t = 1.
2241

\/1—x2—y2'

is undefined.

3. Find the domain and range of f(z,y, z) =

4 4
4 (a) Show that  lim — o0 OV
(z,y)—(0,0) T4 + 32232 + 9

$4y4

(b) Show that  lim is defined and find its value.

(2,9)—(0,0) 24 + 322y + y*
5. For what points (z,y) is the function f(x,y) = In(zy) continuous?

6. Find the tangent plane to the surface

4du
r=u?—-30%, y=—, z=22"
v

foru =1and v =1.

7. Use a linear approximation to z = f(z,y) = 22 — y? at the point (2,1) to approximate f(1.9,1.1).

1
8. Find the gradient of f(x,y,z2) = and show that it always points toward the origin.

24y +22+1

9. Find the rate of change of f(x,y,2) = xy — yz + xz at the point (1, —2, —2) in the direction toward the
origin. Is f increasing or decreasing in this direction?

10. Calvin Butterball sits in his go-cart on the surface
z=a% - 2%y + 2? + xy® — 2> + 42

at the point (1, 1,0). If his go-cart is pointed in the direction of the vector ¥ = (15, —8), at what rate will it
roll downhill?

11. Find the tangent plane to 22 — y? + 2yz + 2° = 6 at the point (2,1, 1).
12. The rate of change of f(x,y) at (1,—1) is 2 in the direction toward (5,—1) and is g in the direction of
the vector (—3,—4). Find Vf(1,-1).
. . . of of
13. Let r and 6 be the standard polar coordinates variables. Use the Chain Rule to find a and 20" for
T
f(z,y) = ze” 4 ev.



14. Suppose u = f(z,y,2) and & = ¢(s,t), y = ¥(s,t), 2 = u(s,t). Use the Chain Rule to write down an
expression for 8_1;

15. Suppose that w = f(z,y), x = g(r, s,t), and y = h(r,t,s). Use the Chain Rule to find an expression for
of

o2

16. Locate and classify the critical points of

1 3
z =2’y — day + gyg - §y2.

17. Find the points on the sphere 22432+ 22 = 36 which are closest to and farthest from the point (4, —3, 12).

Solutions to the Review Sheet for Test 2

1 2
1. Find the unit tangent and unit normal for the curve y = gx?’ + 22437+ 3 at the point (1,5).

The curve may be parametrized by

1 2
Ft) = (t,=t> + 2+ 3t + = ).
0 = (1 ’
Thus,
) = (L2 +2t+3), 7'(1)=(1,6), |7 (1) =37
The unit tangent is
— 1
T(1) = —(1,6).
(1) = —=(1.6)
For a plane curve, I can use geometry to find the unit normal. By swapping components and negating
one of them, I can see that the following unit vectors are perpendicular to T'(1):

1 1
—(—6,1), —(6,—1).
\/3—7< A
Graph the curve near z = 1:
12
10
8
6
4
2
0.5 1 1.5 2

From the graph, I can see that the unit normal at x = 1 must point up and to the left. This means that
the z-component must be negative and the y-component must be positive. Hence,

N(1) = ——(—6,1).

S|



Note that you can’t use this trick in 3 dimensions, since there are infinitely many vectors perpendicular

to the unit tangent. 0O

2. For the curve
1
7(t) = <§t3+ 1,t2+1,2t+5>,

find the unit tangent, the unit normal, the binormal, and the osculating circle at ¢ = 1.
() = (%, 2t,2), 7'(1)=(1,2,2), [IF'Q)] =3

The unit tangent at ¢t =1 is

= 1
T(l):§<1,2,2>.
Now
7/ @) = Vi* + 482 + 4 = /(2 +2)2 = 12 + 2,
SO )
= t 2t 2
T(t) = _
®) <t2+2’t2+2’t2+2>
Hence,

(1) = 4t 4 —2t2 4t
TN +2)27 (124220 (12+2)2/)°
o 42 4 2
T/(l)_<§a§a_§>—§<2515_2>a

- 2 2
1T/l = V2 + 2+ (-2 = 3.

The unit normal at t =1 is

12 1
N(l)=+-{(2,1,-2)=—-(2,1, -2
()= g5@1-2=32.1,-2)
3
The binormal at t = 1 is
. . | ko 1
T)xN1)==|1 2 2 |==(-6,6,-3)=—-(=2,2,—1).
9 9 1 _9 9 3

Next, I'll compute the curvature.

=/

7(t) = (t3,2t,2), so 7(t) = (2t,2,0), and 7"(1)=(2,2,0).

So
7k
F)yx7"(1) =11 2 2|=(=4,4,-2) and ||/ (1)x#"(1)]| =16+ 16+ 4 =6.
2 2 0
The curvature is
[ x™"@) 6 2
K = — = —.
[ (1) 39



4
The point on the curve is 7(1) = (5, 2, 7). Therefore the equation of the osculating circle is

(1,2,2) cost +

(2,1, —2) sint =

N ©
Wl

4 9 1 9 1
=(=,2 ZLo(2,1,-2)+ = =
(x5y5z) <35 57>+2 3<5 Y >+2 3

1
<;+ gcost+3sint, ; + 3cost + gsint,4+3cost—3sint>. d

2241
V1—a2— 2
The function is defined for 1 — 2% — y* > 0. Therefore, the domain is the set of points (z,y, z) such that

22 +1y? < 1 — that is, the interior of the cylinder z? + y? = 1 of radius 1 whose axis is the z-axis.
To find the range, note that 22 + 1 > 1. Also,

1
1—22—34?<1, and 1-22—32<1, s0 ————0—>1.

1—x2—92

3. Find the domain and range of f(z,y, z) =

Hence,
22 +1
T, Y, z2) = ——=2>1-1=1.
f(x,y,2) o

This shows that every output of f is greater than or equal to 1.
On the other hand, suppose k£ > 1. Then

£(0,0,vVk —1) = (71/’“1__1732_? = k.

This shows that every number greater than or equal to 1 is an output of f.
Hence, the range of f is the set of numbers w such that w > 1. 0O

4 4
4. (a) Show that  lim ST O i undefined.

(z,y)—(0,0) ©* + 31292 + y*

If you approach (0,0) along the z-axis (y = 0), you get

3z4 + 5yt . 3zt

hm _— = 1m _— =
(2,9)—(0,0) % + 3222 + y*  (2,9)—(0,0) T2

lim
(z,¥)—(0,0)
If you approach (0,0) along the line y = x, you get

3z + 5yt . 3z* + 5zt . 8zt
= im —
(@.9)—(0,0) 524

li S s B N
(x,y)lﬂm(o,o) x4 + 322y + 94 (x,y)lﬂm(o,o) x4 4 32t + 24

. 8
= lim —-=-
(x,4)—(0,0) D
Since the function approaches different values as you approach (0,0) in different ways, the limit is
undefined. O
4,4
(b) Show that  lim Ty

—————— is defined and find its value.
e o0y 7T T 3222 1 48 is defined and find its value

:E4y4 :E4y4

$4+3$2y2 +y4

IN

| =W =0 as (z,9) = (0,0).



Therefore,
4,4
fm |-
(z,9)—(0,0) | T4 + 32292 + y

Hence,
4,4
im — Y _g O
(z,y)—(0,0) 2% + 32292 + y*

5. For what points (z,y) is the function f(x,y) = In(zy) continuous?

The function is continuous wherever it’s defined. For In(zy) to be defined, I must have zy > 0. Therefore,
either  and y are both positive or z and y are both negative.
Hence, f is continuous for (z,y) in the first quadrant or the third quadrant of the z-y-plane.

6. Find the tangent plane to the surface

du
xr=u?— 307, Yy =—, z = 2u*?
v

foru =1and v = 1.

When u=1and v =1, x = -2, y =4, and z = 2. The point of tangency is (-2, 4, 2).

Next,
. 4 . 4
T, = <2u, —,4uv3> and T, = <—61), ——Z, 6u202> .
v v

Thus, . .
T.(1,1) =(2,4,4) and T,(1,1)=(—6,—4,6).

The normal vector is given by

B B ik
T.L,D)xTy(1,1)=| 2 4 4|=(40,-36,16).
6 -4 6

The tangent plane is

40(x +2) —36(y —4) +16(2 —2) =0, or 10z —9y+4z=—-48. O



7. Use a linear approximation to z = f(x,y) = 22 — y? at the point (2,1) to approximate f(1.9,1.1).
f(2,1) = 3, so the point of tangency is (2,1, 3). A normal vector for a function z = f(x,y) is given by

G _ /Oof of
N=(Z %
<8x’3y’

—1> = (2z,-2y,—-1), N(2,1)= (4, -2, —1).

Hence, the tangent plane is
4z —2)—2(y—1)—(2=3)=0, or z=3+4(x—2)—2(y—1).
Substitute + = 1.9 and y = 1.1:

2 =3+4(=0.1)—2(0.1) =2.4. [

1
8. Find the gradient of f(x,y,z) = and show that it always points toward the origin.

24y +22+1

—x —y —z
Vf= =
f <(x2+y2+z2+1)3/2’ (x2+y2+z2+1)3/2’ ($2+y2+22+1)3/2>

-1
($2+y2+22+1)3/2

(@, y,2).

(x,y, z) is the radial vector from the origin (0,0,0) to the point (z,y,z). Since V[ is a negative
multiple of this vector V f always points inward toward the origin. 0O

9. Find the rate of change of f(x,y,2) = xy — yz + xz at the point (1, —2, —2) in the direction toward the
origin. Is f increasing or decreasing in this direction?

First, compute the gradient at the point:
Vf:<y+2,$—2,—y+$>, Vf(15_25_2):<_45353>

Next, determine the direction vector. The point is P(1,—2,—2), so the direction toward the origin
Q(0,0,0) is
PO =(-1,2,2).

Make this into a unit vector by dividing by its length:

7
IPQ|

Finally, take the dot product of the unit vector with the gradient:

ey
PG

f is increasing in this direction, since the directional derivative is positive. 0O

(—1,2,2).

Ll =

Dfs(t, =2, -2) = Vf(1,-2,-2)- 4,3,3)-2(-1,2,2) = 7.

Ll



10. Calvin Butterball sits in his go-cart on the surface
z=a% - 2%y + 2® + xy® — 2> + 42
at the point (1, 1,0). If his go-cart is pointed in the direction of the vector ¥ = (15, —8), at what rate will it
roll downhill?
The rate at which he rolls is given by the directional derivative. The gradient is
Vf =322 —6xy+ 2z + 1>, —222 + 2zy — 6y> +2y), and Vf(1,1)= (0, —4).
Since ||(15, =8)| = 17,

(15,—-8) 32
Dfs(1,1) = (0, —4) - =22 ~1.88235. O
fo(1,1) = (0, ~4) - "= T~ 188235

11. Find the tangent plane to 22 — y? + 2yz + 2° = 6 at the point (2,1, 1).

Write w = 22 — y? + 2yz + 2° — 6. (Take the original surface and drag everything to one side of the
equation.) The original surface is w = 0, so it’s a level surface of w. Since the gradient Vw is perpendicular

to the level surfaces of w, Vw must be perpendicular to the original surface.

The gradient is
Vw = 2z, -2y + 22,2y + 52%), Vw(2,1,1) = (4,0,7).

The vector (4,0, 7) is perpendicular to the tangent plane. Hence, the plane is

4 r—2)+0-(y—1)+7(z—1)=0, or dex+T7z=15 [

12. The rate of change of f(x,y) at (1, —1) is 2 in the direction toward (5,—1) and is 5 in the direction of

the vector (—3,—4). Find Vf(1,-1).
The direction from (1, —1) toward the point (5, —1) is given by the vector (4,0). This vector has length

4, so
2=vs,-0- B2 g gy B2

The vector (—3, —4) has length 5, so
(—3, —4) (—-3,-4) 3. 4
__fm - gfy

_:Vf(la_l)'T:<fm;fy>'T 5

Thus, 6 = =3f;, —4f,.
I have two equations involving f, and f,. Solving simultaneously, I obtain f, = 2 and f, = —3. Hence,

Vf(1,-1)=(2,-3). O
of of

13. Let r and 6 be the standard polar coordinates variables. Use the Chain Rule to find a and 20" for
T

fz,y) = me® 4 V. o oros 078
f_ f_x f—y*(xem—kem)(cost?)—|—(€y)(sin9),

3_7"_8_33(% @87”_
o opos oroy . .
06 _8x89+8y 89_(‘% +€”)(—rsinf) + (e¥)(rcosh). O



14. Suppose u = f(z,y,2) and & = ¢(s,t), y = ¥(s,t), z = u(s,t). Use the Chain Rule to write down an
expression for 8_u

ot

This diagram shows the dependence of the variables.

2

There are 3 paths from u to ¢, which give rise to the 3 terms in the following sum:

Ou _0Oudzr Oudy Oudz
ot Ox ot Oyot 0zot

15. Suppose that w = f(z,y), x = g(r, s,t), and y = h(r,t,s). Use the Chain Rule to find an expression for
2
ZT; By the Chain Rule,

v _owds , dwdy
ot Ox ot Oy ot
Next, differentiate with respect to ¢, applying the Product Rule to the terms on the right:
Pf_owds 050 (dw\ 0wdy 0y0 (0w
o2 Ox ot2 Ot ot \ Ox oy ot2 ~ ot ot \ox )’
Since 8_w

3 and Em are functions of x and y, I must apply the Chain Rule in computing their derivatives
x Y
with respect to t. I get

O _owirs ox (0 (ow\or 0 (ow\oy) owiy oy (0 (ow)or o (ow)oy
o2 Ox ot2 Ot \Oox \Ox ) ot Oy \ Ox ) Ot Oy ot2 Ot \Ox \dy / ot Oy \ Qy ) Ot
ow P N oz (82w or O*w 8y> ow Py N Ay ( 0%w 0r 0w 8y>

dr o T ot \o2 ot T owoyor) Ty o T

Dz oL T 0 Ot
16. Locate and classify the critical points of

1 3
2 3 2
=22y —day + —y° — =92
z Yy Y 3y 2y
82

0z
2y — 4y, — =a%—4 23
prink A z+y° — 3y,



0%z 0%z 0%z

— =2 ——=2r—4, — =2y-—3.
Ox? 4 Oxdy T dy? 4
Set the first partials equal to O:
(1) 20y — 4y =0, (z—2)y=0,
(2) r? —dr +y* -3y =0.
Solve simultaneously:
(1) (z=2y=0
/ N\
T=2 y=20
(2) 22—dx+9y*-3y=0 (2) 22 —dx+9y*-3y=0
y?—3y—4=0 22— 42 =0
(y—4)y+1)=0 z(x—4)=0
/ 1 1 N\

y=4 y=—1 z=0 z=4
Test the critical points:

point Zrx Zyy Zzy A result

(2,4) 8 5 0 40 min

(2,-1) -2 -5 0 10 max

(0,0) 0 -3 —4 —16 saddle

(4,0) 0 -3 4 —16 saddle 0

17. Find the points on the sphere 22432+ 22 = 36 which are closest to and farthest from the point (4, —3, 12).
The (square of the) distance from (z,y, z) to (4, —3,12) is
w=(x—4)*+ (y+3)* + (z — 12).

The constraint is g(z,y,2) = 22 + y* + 22 — 36 = 0.
The equations to be solved are

(1) 2 —4) =22\, z—4=uza),
(2) 20 +3) =2yA, y+3=yA
(3) 2(z—12) =2z\, z—12=2z\

Note that if z = 0 in the first equation, the equation becomes —4 = 0, which is impossible. Therefore,
x # 0, and I may divide by x.



Solve simultaneously:

(1) r—4=zxA
)\::c—4

X
(2) y+3=yA

x
Yy +3x = yxr — 4y
3

y:—zfc
(3) z—12=2z\
2_12:M
T
xz— 120 = xz — 4z
z =3z
(4) 2?4+ y*+22=36
:c2+g:c2+9:c2:36

16
16922 = 576

, 576

¢ = —

169

Ve N\
_ _
EE! T3
Rt 18
YT Y713
_ _ B
T3 VRRE
24 18 72 24 18 72
137 13713 137137 13
Test the points:
218 12 2 1512
137 13713 137137 13
w(z,y, 2) 49 361
24 1 2 24 1 2
(E’ —g, I—3> is closest to (4, —3,12) and <_E’ g, —I—3> is farthest from (4,—-3,12). O

To be conscious that you are ignorant is a great step to knowledge. - BENJAMIN DISRAELI

@2006 by Bruce Ikenaga 10



